In this paper we reinvestigate photon. We show that photon with a specific frequency can be identified with the Dirac magnetic monopole. We give a model of quantum electrodynamics from which we derive photon as a quantum loop of this model. This nonlinear loop model of photon is exactly solvable and thus may be regarded as a quantum soliton. From the winding numbers of this loop model of photon we derive the quantization property of energy of Planck's formula of radiation and the quantization property of electric charge. We show that the quantization property of electric charge is derived from the quantization property of energy of Planck's formula of radiation when photon with a specific frequency is identified with the magnetic monopole. From this nonlinear model of photon we also construct a model of electron which has a mass mechanism for generating mass to electron.
Introduction
It is well known that the quantum era of physics began with the quantization of energy of electromagnetic field from which Planck derived the radiation formula. Einstein then introduced the light-quantum to explain the photoelectric effects. This light-quantum was later regarded as a particle called photon [1] [2] [3] . Later quantum mechanics was developed and we came into the modern quantum era. Following the set up of quantum mechanics the quantization of the electromagnetic field and the theory of quantum electrodynamics(QED) was then also set up.
In this development of quantum theory of physics the photon plays a special role. While it is as the beginning of quantum physics it is not as easy to be understood as the quantum mechanics of other particles described by the Schroedinger equation. Indeed Einstein was carefully to regard the lightquantum as a particle and it was much later that the light-quantum was finally accepted as a particle called photon [1] . Then the quantum field theory of electromagnetic field was developed for the photon. However it is well known that this quantum field theory has difficulties such as the ultraviolet divergences. It is because of the difficulty of understanding the photon that Einstein once said "What is the photon? " [1] .
On the other hand based on the symmetry of the electric and magnetic field described by the Maxwell equation and based on the complex wave function of quantum mechanics Dirac derived the concept of magnetic monopole which is hypothetically considered as a particle with magnetic charge as analogous to the electron with electric charge [4] [5] . An important feature of this magnetic monopole is that it gives the quantization of electric charge. Thus it is interesting and important to find such particles. However despite of many searches it seems that no such particles have been found.
In this paper we shall establish a mathematical model of photon to show that magnetic monopole can be identified as a photon. Before giving the detailed model let us consider some thoughts for this identification, as follows.
First we have that photon is regarded as the basic quantum particle of the electromagnetic field while the magnetic monopole is a hypothetical particle derived from the electromagnetic field. Thus if the magnetic monopole is not the photon then we have two kind of quantum particles derived from the electromagnetic field and that the magnetic monopole is derived from the photon because photon is the basic quantum particle of the electromagnetic field. From this we then have the odd conclusion that an elementary quantum particle for the electromagnetic field (i.e. the magnetic monopole) is derived from another elementary quantum particle which is also for the electromagnetic field (i.e. the photon). If we identify the magnetic monopole as a photon then this odd conclusion can be resolved.
For the identification of the magnetic monopole as a photon let us reinvestigate the quantum field theory of photon in the literature [6] . It is well known that we have the quantum field theory of the free Maxwell equation which is as the basic quantum theory of photon. Let us consider some points of this theory, as follows. First we have that this free field theory is a linear theory and the model of the quantum particles obtained from this theory is linear. However from the thought of soliton we have that stable particle should be a soliton which is of nonlinear nature. Secondly we have that the quantum particles of this quantum theory of Maxwell equation are collective quantum effects just like the phonons which are elementary exictation of a statistical model. These phonons are usually considered as quasi-particles and are not regarded as real particles. In regarding the Maxwell equation as a statistical wave equation of electromagnetic field we have that the quantum particles of the quantum theory of Maxwell equation are analogous to the phonons. Thus they should be regarded as quasi-photons which have properties of photons but are not a complete description of photons.
In this paper we shall establish a nonlinear model of photon. In this model we show that photon can be identified with the Dirac magnetic monopole for some frequencies. We give a model of quantum electrodynamics from which we derive photon as a quantum loop of this model. This nonlinear loop model of photon is exactly solvable and thus may be regarded as a quantum soliton. From the winding numbers of this loop model of photon we derive the quantization property of energy of Planck's formula of radiation and the quantization property of charge. We show that the quantization property of charge is derived from the quantization property of energy of Planck's formula of radiation when photon is identified with the magnetic monopole for some frequencies. From this nonlinear model of photon we also construct a model of electron which has a mass mechanism for generating mass to electron. This paper is organized as follows. In section 2 we give a brief description of a quantum gauge model of electrodynamics. With this model in section 3 we introduce the Dirc-Wilson loop. We show that this loop is a nonlinear exactly solvable model and thus can be regarded as a soliton. We identify this Dirc-Wilson loop as a photon when the gauge group is the U (1) group. To investigate the properties of this Dirc-Wilson loop we derive a chiral symmetry from the gauge symmetry of this quantum model. From this chiral symmetry in section 4 we derive a conformal field theory which includes an affine KacMoody algebra and a quantum Knizhnik-Zamolodchikov (KZ) equation. A main point of our model on the quantum KZ equation is that we can derive two KZ equations which are dual to each other. This duality is the main point for the Dirc-Wilson loop to be exactly solvable and to have a winding property which gives properties of photon.
In section 5 to section 8 from the KZ equations we solve the Dirac-Wilson loop in a form with a winding property. From this winding property of the Dirc-Wilson loop in section 9 and section 10 we derive the quantization of energy and the quantization of electric charge which are properties of photon and magnetic monopole. We then show that the quantization property of charge is derived from the quantization property of energy of Planck's formula of radiation when we identify photon with the magnetic monopole for some frequencies. From this nonlinear model of photon in section 11 we also give a model of electron. In this model of electron we give a mass mechanism for generating mass to electron. In section 12 we show that photon with a specific frequency can carry electric charge and magnetic charge since an electron is formed from a photon with a specific frequency for giving the electric charge and magnetic charge. In section 13 we derive the statistics of photons and electrons from this loop model of photons and electrons.
A Quantum Gauge Model
Let us construct a quantum gauge model, as follows. In probability theory we have the Wiener measure ν which is a measure on the space C[t 0 , t 1 ] of continuous functions [7] . This measure is a well defined mathematical theory for the Brownian motion and it may be symbolically written in the following form:
where
2 dt is the energy integral of the Brownian particle and dx = 1 N t dx(t) is symbolically a product of Lebesgue measures dx(t) and N is a normalized constant.
Once the Wiener measure is defined we may then define other measures on C[t 0 , t 1 ] as follows [7] . Let a potential term 1 2 t1 t0 V dt be added to L 0 . Then we have a measure ν 1 on C[t 0 , t 1 ] defined by:
Under some condition on V we have that ν 1 is well defined on C[t 0 , t 1 ]. Let us call (2) as the Feymann-Kac formula [7] . Let us then follow this formula to construct a quantum model of electrodynamics, as follows. Then similar to the formula (2) we construct a quantum model of electrodynamics from the following energy integral:
where the complex variable Z = Z(z(s)) and the real variables A 1 = A 1 (z(s)) and A 2 = A 2 (z(s)) are continuous functions in a form that they are in terms of an arbitrary (continuously differentiable)
in the complex plane where s is a parameter representing the proper time in relativity (We shall also write z(s) in the complex variable form
) represents a field of matter( such as the electron) (Z * denotes its complex conjugate) and the real variables A 1 = A 1 (z(s)) and A 2 = A 2 (z(s)) represent a connection (or the gauge field of the photon) and e 0 denotes the (bare) electric charge.
The integral (3) has the following gauge symmetry:
where a = a(z) is a continuously differentiable real-valued function of z.
We remark that this model is similar to the usual Yang-Mills gauge model. A feature of (3) is that it is not formulated with the four-dimensional space-time but is formulated with the one dimensional proper time. This one dimensional nature let this model avoid the usual utraviolet divergence difficulty of quantum fields.
Similar to the usual Yang-Mills gauge theory we can generalize this gauge model with U (1) gauge symmetry to nonabelian gauge models. As an illustration let us consider SU (2) ⊗ U (1) gauge symmetry where SU (2) ⊗ U (1) denotes the direct product of the groups SU (2) and U (1).
Similar to (3) we consider the following energy integral:
where T k denotes a self-adjoint generator of SU (2) ⊗ U (1) and e 0 denotes the bare electric charge for general interactions including the strong and weak interaction (Here for simplicity we choose a convention that the complex i is absorbed by t k ); and D j = ∂ ∂x j − e 0 A j , (j = 1, 2). From (5) we can develop a nonabelian gauge model as similar to that for the above abelian gauge model. We have that (5) is invariant under the following gauge transformation:
where U (a(z(s))) = e a(z(s)) and a(z(s)) = k a k (z(s))t k . We shall mainly consider the case that a is a function of the form a(z(s)) = k Re ω k (z(s))t k where ω k are analytic functions of z (We let ω(z(s)) := k ω k (z(s))t k and we write a(z) = Re ω(z)). The above gauge model is based on the Banach space X of continuous functions
Since L is positive and the model is one dimensional (and thus is simpler than the usual two dimensional Yang-Mills gauge model) we have that this gauge model is similar to the Wiener measure except that this gauge model has a gauge symmetry. This gauge symmetry gives a degenerate degree of freedom. In the physics literature the usual way to treat the degenerate degree of freedom of gauge symmetry is to introduce a gauge fixing condition to eliminate the degenerate degree of freedom where each gauge fixing will give equivalent physical results [8] . There are various gauge fixing conditions such as the Lorentz gauge condition, the Feynman gauge condition, etc. We shall later in section 4 (on the Kac-Moody algebra) adopt a gauge fixing condition for the above gauge model. This gauge fixing condition will also be used to derive the quantum KZ equation in dual form which will be regarded as a quantum YangMill equation since its role will be similar to the classical Yang-Mill equation derived from the classical Yang-Mill gauge model.
Since L is positive we have that without gauge fixing condition the above gauge model is a positive linear functional on the Banach space C(X) of continuous functions on X and is multivalued in the sense that each gauge fixing gives a value.
Classical Dirac-Wilson Loop
Similar to the Wilson loop in quantum field theory [9] 
where R denotes a representation of SU (2); C(·) = z(·) is a fixed curve where the quantum gauge models are based on it as specific in the above section. As usual the notation P in the definition of W R (C) denotes a path-ordered product [9] [10] [11] . Let us give some remarks on the above definition of Wilson loop, as follows. 1) We use the notation W (z 0 , z 1 ) to mean the Wilson loop W R (C) which is based on the whole closed curve z(·). Here for convenience we use only the end points z 0 and z 1 of the curve z(·) to denote this Wilson loop (We keep in mind that the definition of W (z 0 , z 1 ) depends on the whole curve z(·) connecting z 0 and z 1 ).
Then we extend the definition of W R (C) to the case that z(·) is not a closed curve with z 0 = z 1 . When z(·) is not a closed curve we shall call W (z 0 , z 1 ) as a Wilson line.
2) In constructing the Wilson loop we need to choose a representation R of the SU ( 
where W (z 0 , z 1 ) denotes the Wilson line of a curve z(·) which is with z 0 as the starting point and z 1 as the ending point and z is a point on z(·) between z 0 and z 1 . This property can be prove as follows. We have that W (z 0 , z 1 ) is a limit (whenever exists) of ordered product of e Ai△x i and thus can be written in the following form: (9) We shall denote both the classical version and quantum version of Wilson line by the same notation W (z 0 , z 1 ) when there is no confusion. ⋄ By following the usual approach of deriving a chiral symmetry from a gauge transformation of a gauge field we have the following chiral symmetry which is derived by applying an analytic gauge transformation with an analytic function ω for the transformation:
. This chiral symmetry is analogous to the chiral symmetry of the usual guage theory where U denotes an element of the gauge group [10] . Let us derive (10) as follows. Let
. Following [10] we have
From (11) we have that (10) holds. As analogous to the WZW model in conformal field theory [14] [15] from the above symmetry we have the following formulas for the variations δ ω W and δ ω ′ W with respect to this symmetry ( [14] p.621):
and
where z and z ′ are independent variables and ω
In (12) the variation is with respect to the z variable while in (13) the variation is with respect to the z ′ variable. This two-sidevariations when z = z ′ can be derived as follows. For the left variation we may let ω be analytic in a neighborhood of z and continuously differentiably extended to a neighborhood of z ′ such that ω(z ′ ) = 0 in this neighborhood of z ′ . Then from (10) we have that (12) holds. Similarly we may let ω ′ be analytic in a neighborhood of z ′ and continuously differentiably extended to a neighborhood of z such that ω ′ (z) = 0 in this neighborhood of z. Then we have that (13) holds.
A Gauge Fixing Condition and Affine Kac-Moody Algebra
This section has two related purposes. One purpose is to find a gauge fixing condition for eliminating the degenerate degree of freedom from the gauge invariance of the above quantum gauge model in section 2. Then another purpose is to find an equation for defining a generator J of the Wilson line W (z, z ′ ). This defining equation of J can then be used as a gauge fixing condition. Thus with this defining equation of J the construction of the quantum gauge model in section 2 is then completed. We shall derive a quantum loop algebra (or the affine Kac-Moody algebra) structure from the Wilson line W (z, z ′ ) for the generator J of W (z, z ′ ). To this end let us first consider the classical case. Since W (z, z ′ ) is constructed from SU (2) we have that the mapping z → W (z, z ′ ) (We consider W (z, z ′ ) as a function of z with z ′ being fixed) has a loop group structure [12] [13] . For a loop group we have the following generators: J a n = t a z n n = 0, ±1, ±2, ...
These generators satisfy the following algebra:
This is the so called loop algebra [12] [13]. Let us then introduce the following generating function J:
where we define
where z denotes a closed contour integral with center z. This formula can be interpreted as that J is the generator of the loop group and that J a n is the directional generator in the direction ω a (w) = (w − z) n . We may generalize (18) to the following directional generator:
where the analytic function ω(w) = a ω a (w)t a is regarded as a direction and we define
Then since W (z, z ′ ) ∈ SU (2), from the variational formula (19) for the loop algebra of the loop group of SU (2) we have that the variation of W (z, z ′ ) in the direction ω(w) is given by
Now let us consider the quantum case which is based on the quantum gauge model in section 2. For this quantum case we shall define a quantum generator J which is analogous to the J in (16) . We shall choose the equations (31) and (32) as the equations for defining the quantum generator J. Let us first give a formal derivation of the equation (31), as follows. Let us consider the following formal functional integration:
where A(z) denotes a field from the quantum gauge model (We first let z ′ be fixed as a parameter). Let us do a calculus of variation on this integral to derive a variational equation by applying a gauge transformation on (22) as follows (We remark that such variational equations are usually called the Ward identity in the physics literature).
Let (A 1 , A 2 , Z) be regarded as a coordinate system of the integral (22). Under a gauge transformation (regarded as a change of coordinate) with gauge function a(z(s)) this coordinate is changed to another coordinate denoted by (A
. As similar to the usual change of variable for integration we have that the integral (22) is unchanged under a change of variable and we have the following equality:
where ′ ). Then it can be shown that the differential is unchanged under a gauge transformation [8] :
Also by the gauge invariance property the factor e −L is unchanged under a gauge transformation. Thus from (23) we have
where the correlation notation · denotes the integral with respect to the differential
We can now carry out the calculus of variation. From the gauge transformation we have the formula
) where a(z) = Re ω(z). This gauge transformation gives a variation of W (z, z ′ ) with the gauge function a(z) as the variational direction a in the variational formulas (19) and (21). Thus analogous to the variational formula (21) we have that the variation of W (z, z ′ ) under this gauge transformation is given by
where the generator J for this variation is to be specific. This J will be a quantum generator which generalizes the classical generator J in (21). Thus under a gauge transformation with gauge function a(z) from (25) we have the following variational equation:
where δ a A(z) denotes the variation of the field A(z) in the direction a(z). From this equation an ansatz of J is that J satisfies the following equation:
From this equation we have the following variational equation:
This completes the formal calculus of variation. Now (with the above derivation as a guide) we choose the following equation (31) as one of the equation for defining the generator J:
where we generalize the direction a(z) = Re ω(z) to the analytic direction ω(z) (This generalization has the effect of extending the real measure to include the complex Feymann path integral). Let us now choose one more equation for determine the generator J in (31). This choice will be as a gauge fixing condition. As analogous to the WZW model in conformal field theory [14] [15] [16] let us consider a J given by
where we define ∂ z = ∂ x 1 + i∂ x 2 and we set z ′ = z after the differentiation with respect to z; k > 0 is a constant which is fixed when the J is determined to be of the form (32) and the minus sign is chosen by convention. In the WZW model [14] [16] the J of the form (32) is the generator of the chiral symmetry of the WZW model. We can write the J in (32) in the following form:
We see that the generators t a of SU (2) appear in this form of J and this form is analogous to the classical J in (16) . This shows that this J is a possible candidate for the generator J in (31).
Since W (z, z ′ ) is constructed by gauge field we need to have a gauge fixing for the computations related to W (z, z ′ ). Then since the J in (31) and (32) is constructed from W (z, z ′ ) we have that in defining this J as the generator J of W (z, z ′ ) we have chosen a condition for the gauge fixing. In this paper we shall always choose this defining equations (31) and (32) for J as the gauge fixing condition.
In summary we introduce the following definition.
Definition. The generator J of the quantum Wilson line W (z, z ′ ) whose classical version is defined by (7), is an operator defined by the two conditions (31) and (32). ⋄ Remark. We remark that the condition (32) first defines J classically. Then the condition (31) raises this classical J to the quantum generator J. ⋄ Now we want to show that this generator J in (31) and (32) can be uniquely solved (This means that the gauge fixing condition has already fixed the gauge that the degenerate degree of freedom of gauge invariance has been eliminated so that we can carry out computation).
Let us now solve J. From (10) and (32) we have that the variation δ ω J of the generator J in (32) is given by [14] (p.622) [16] :
From (31) and (34) we have that J satisfies the following relation of current algebra [14] [15] [16] : 
where k is usually called the central extension or the level of the Kac-Moody algebra.
Remark. Let us also consider the other side of the chiral symmetry. Similar to the J in (32) we define a generator J ′ by:
where after differentiation with respect to z ′ we set z = z ′ . Let us then consider the following formal correlation:
where z is fixed. By an approach similar to the above derivation of (31) we have the following variational equation:
where as a gauge fixing we choose the J ′ in (39) be the J ′ in (37). Then similar to (34) we also have
Then from (39) and (40) we can derive the current algebra and the Kac-Moody algebra for J ′ which are of the same form of (35) and (36). From this we have J ′ = J. ⋄ Now with the above current algebra J and the formula (31) we can follow the usual approach in conformal field theory to derive a quantum Knizhnik-Zamolodchikov (KZ) equation for the product of primary fields in a conformal field theory [14] [15] [16] . We derive the KZ equation for the product of n Wilson lines W (z, z ′ ). Here an important point is that from the two sides of W (z, z ′ ) we can derive two quantum KZ equations which are dual to each other. These two quantum KZ equations are different from the usual KZ equation in that they are equations for the quantum operators W (z, z ′ ) while the usual KZ equation is for the correlations of quantum operators. With this difference we can follow the usual approach in conformal field theory to derive the following quantum Knizhnik-Zamolodchikov equation [14] [15] [17] :
for i = 1, ..., n where g denotes the dual Coxeter number for SU (2) and we have g = 2e 2 0 . We remark that in (41) we have defined t a i := t a and
It is interesting and important that we also have the following quantum Knizhnik-Zamolodchikov equation with repect to the z ′ i variables which is dual to (41):
for i = 1, ..., n where we have defined:
Remark. From the quantum gauge model we derive the above quantum KZ equation in dual form by calculus of variation. This quantum KZ equation in dual form may be considered as a quantum EulerLagrange equation or as a quantum Yang-Mills equation since it is analogous to the classical Yang-Mills equation which is derived from the classical Yang-Mills gauge model by calculus of variation. ⋄
Solving Quantum KZ Equation In Dual Form
Let us consider the following product of two quantum Wilson lines:
where the two quantum Wilson lines W (z 1 , z 2 ) and W (z 3 , z 4 ) represent two pieces of curves starting at z 1 and z 3 and ending at z 2 and z 4 respectively. We have that this product G satisfies the KZ equation for the variables z 1 , z 3 and satisfies the dual KZ equation for the variables z 2 and z 4 . Then by solving the two-variables-KZ equation in (41) we have that a form of G is given by [18] [19] [20] :
where t := 1 k+g a t a ⊗ t a and C 1 denotes a constant matrix which is independent of the variable z 1 − z 3 . We see that G is a multivalued analytic function where the determination of the ± sign depended on the choice of the branch.
Similarly by solving the dual two-variable-KZ equation in (43) we have that G is of the form
where C 2 denotes a constant matrix which is independent of the variable z 4 − z 2 . From (46), (47) and we let C 1 = Ae t log[±(z4−z2)] , C 2 = e −t log[±(z1−z3)] A where A is a constant matrix we have that G is given by
where at the singular case that z 1 = z 3 we simply define log[±(z 1 − z 3 )] = 0. Similarly for z 2 = z 4 . Let us find a form of the initial operator A. We notice that there are two operators Φ ± (z 1 − z 2 ) := e −t log[±(z1−z3)] and Ψ ± (z ′ i − z ′ j ) acting on the two sides of A respectively where the two independent variables z 1 , z 3 of Φ ± are mixedly from the two quantum Wilson lines W (z 1 , z 2 ) and W (z 3 , z 4 ) respectively and the the two independent variables z 2 , z 4 of Ψ ± are mixedly from the two quantum Wilson lines W (z 1 , z 2 ) and W (z 3 , z 4 ) respectively. From this we determine the form of A as follows.
Let D denote a representation of SU (2). Let D(g) represent an element g of SU (2) and let D(g)⊗D(g) denote the tensor product representation of SU (2). Then in the KZ equation we define
Then we let U (a) denote the universal enveloping algebra where a denotes an algebra which is formed by the Lie algebra su(2) and the identity matrix. Now let the initial operator A be of the form
taking values in U (a)
. In this case we have that in (48) the operator Φ ± (z 1 − z 2 ) := e −t log[±(z1−z3)] acts on A from the left via the following formula:
Similarly the operator Ψ ± (z 1 − z 2 ) := e t log[±(z1−z3)] in (48) acts on A from the right via the following formula:
We may generalize the above tensor product of two quantum Wilson lines as follows. Let us consider a tensor product of n quantum Wilson lines:
where the variables z i , z ′ i are all independent. By solving the two KZ equations we have that this tensor product is given by:
where ij denotes a product of
.., n where i = j. In (53) the initial operator A is represented as a tensor product of operators A iji ′ j ′ , i, j, i ′ , j ′ = 1, ..., n where each A iji ′ j ′ is of the form of the initial operator A in the above tensor product of two-Wilson-lines case and is acted by Φ ± (z i − z j ) or Ψ ± (z ′ i − z ′ j ) on its two sides respectively.
Computation of Quantum Wilson Lines
where the two quantum Wilson lines W (z 1 , z 2 ) and W (z 3 , z 4 ) represent two pieces of curves starting at z 1 and z 3 and ending at z 2 and z 4 respectively. As shown in the above section we have that G is given by the following formula:
where the product is a 4-tensor. Let us set z 2 = z 3 . Then the 4-tensor W (z 1 , z 2 )W (z 3 , z 4 ) is reduced to the 2-tensor W (z 1 , z 2 )W (z 2 , z 4 ). By using (55) the 2-tensor W (z 1 , z 2 )W (z 2 , z 4 ) is given by:
where A 14 = A 1 ⊗ A 4 is a 2-tensor reduced from the 4-tensor A = A 1 ⊗ A 2 ⊗ A 3 ⊗ A 4 in (55). In this reduction the t operator of Φ = e −t log[±(z1−z2)] acting on the left side of A 1 and A 3 in A is reduced to acting on the left side of A 1 and A 4 in A 14 . Similarly the t operator of Ψ = e −t log[±(z4−z2)] acting on the right side of A 2 and A 4 in A is reduced to acting on the right side of A 1 and A 4 in A 14 .
Then since t is a 2-tensor operator we have that t is as a matrix acting on the two sides of the 2-tensor A 14 which is also as a matrix with the same dimension as t. Thus Φ and Ψ are as matrices of the same dimension as the matrix A 14 acting on A 14 by the usual matrix operation. Then since t is a Casimir operator for the 2-tensor group representation of SU (2) we have that Φ and Ψ commute with A 14 since Φ and Ψ are exponentials of t (We remark that Φ and Ψ are in general not commute with the 4-tensor initial operator A). Thus we have
We let W (z 1 , z 2 )W (z 2 , z 4 ) be as a representation of the quantum Wilson line W (z 1 , z 4 ) and we write W (z 1 , z 4 ) = W (z 1 , z 2 )W (z 2 , z 4 ). Then we have the following representation of W (z 1 , z 4 ):
This representation of the quantum Wilson line W (z 1 , z 4 ) means that the line (or path) with end points z 1 and z 4 is specific that it passes the intermediate point w 1 = z 2 . This representation shows the quantum nature that the path is not specific at other intermediate points except the intermediate point
This unspecification of the path is of the same quantum nature of the Feymann path description of quantum mechanics. Then let us consider another representation of the quantum Wilson line W (z 1 , z 4 ). We consider W (z 1 , w 1 )W (w 1 , w 2 )W (w 2 , z 4 ) which is obtained from the tensor W (z 1 , w 1 )W (u 1 , w 2 )W (u 2 , z 4 ) by two reductions where z j , w j , u j , j = 1, 2 are independent variables. For this representation we have: 
Remark. Since A 14 is a 2-tensor we have that a natural group representation for the Wilson line W (z 1 , z 4 ) is the 2-tensor group representation of the group SU (2).
Representing Braiding of Curves by Quantum Wilson Lines
Consider again the product G(z 1 , z 2 , z 3 , z 4 ) = W (z 1 , z 2 )W (z 3 , z 4 ). We have that G is a multivalued analytic function where the determination of the ± sign depended on the choice of the branch.
Let the two pieces of curves be crossing at w. Then we have W (z 1 , z 2 ) = W (z 1 , w)W (w, z 2 ) and W (z 3 , z 4 ) = W (z 3 , w)W (w, z 4 ). Thus we have
If we interchange z 1 and z 3 , then from (60) we have the following ordering:
Now let us choose a branch. Suppose that these two curves are cut from a knot and that following the orientation of a knot the curve represented by W (z 1 , z 2 ) is before the curve represented by W (z 3 , z 4 ) . Then we fix a branch such that the product in (55) is with two positive signs :
Then if we interchange z 1 and z 3 we have
From (62) and (63) as a choice of branch we have
where R = e −iπt is the monodromy of the KZ equation. In (64) z 1 and z 3 denote two points on a closed curve such that along the direction of the curve the point z 1 is before the point z 3 and in this case we choose a branch such that the angle of z 3 − z 1 minus the angle of z 1 − z 3 is equal to π.
Remark. We may use other representations of W (z 1 , z 2 )W (z 3 , z 4 ). For example we may use the following representation:
−t log(z1−z3) e −2t log(z1−w) e −t2 log(z3−w) Ae t log(z4−z2) e 2t log(z4−w) e 2t log(z2−w)
Then the interchange of z 1 and z 3 changes only z 1 − z 3 to z 3 − z 1 . Thus the formula (64) holds. Similarly all other representations of W (z 1 , z 2 )W (z 3 , z 4 ) will give the same result. ⋄ Now from (64) we can take a convention that the ordering (61) represents that the curve represented by W (z 1 , z 2 ) is upcrossing the curve represented by W (z 3 , z 4 ) while (60) represents zero crossing of these two curves.
Similarly from the dual KZ equation as a choice of branch which is consistent with the above formula we have
where z 2 is before z 4 . We take a convention that the ordering in (66) represents that the curve represented by W (z 1 , z 2 ) is undercrossing the curve represented by W (z 3 , z 4 ). Here along the orientation of a closed curve the piece of curve represented by W (z 1 , z 2 ) is before the piece of curve represented by W (z 3 , z 4 ). In this case since the angle of z 3 − z 1 minus the angle of z 1 − z 3 is equal to π we have that the angle of z 4 − z 2 minus the angle of z 2 − z 4 is also equal to π and this gives the R −1 in this formula (66). From (64) and (66) we have
where z 1 and z 2 denote the end points of a curve which is before a curve with end points z 3 and z 4 . From (67) we see that the algebraic structure of these quantum Wilson lines W (z, z ′ ) is analogous to the quasi-triangular quantum group [15] [18].
Computation of Quantum Dirac-Wilson Loop
Let us consider again the quantum Wilson line W (z 1 , z 4 ) = W (z 1 , z 2 )W (z 2 , z 4 ). Let us set z 1 = z 4 . In this case the quantum Wilson line forms a closed loop. Now in (57) with z 1 = z 4 we have that e −t log ±(z1−z2) and e t log ±(z1−z2) which come from the two-side KZ equations cancel each other and from the multivalued property of the log function we have
where R = e −iπt is the monodromy of the KZ equation [18] . Remark. It is clear that if we use other representation of the quantum Wilson loop W (z 1 , z 1 ) (such as the representation W (z 1 , z 1 ) = W (z 1 , w 1 )W (w 1 , w 2 )W (w 2 , z 1 )) then we will get the same result as (68).
Remark. For simplicity we shall drop the subscript of A 14 in (68) and simply write A 14 = A.
Winding Number of Dirac-Wilson Loop as Quantization
We have the equation (68) where the integer N is as a winding number. Then when the gauge group is U (1) we have
where R U(1) denotes the monodromy of the KZ equation for U (1). We have
where the constant e 0 denotes the bare electric charge (and g = 0 for U (1) group). The winding number N is as the quantization property of photon. We show in the following section that the Dirac-Wilson loop W (z 1 , z 1 ) with the abelian U (1) group is a model of the photon.
Photon as the Magnetic Monopole
We see that the Dirac-Wilson loop is an exactly solvable nonlinear observable. Thus we may regard it as a quantum soliton of the above gauge model. In particular for the abelian gauge model with U (1) as gauge group we regard the Dirac-Wilson loop as a quantum soliton of the electromagnetic field. We now want to show that this soliton has all the properties of photon and thus we may identify it with the photon. First we see that from (70) it has discrete energy levels of light-quantum given by
where h is the Planck's constant; ν denotes a frequency and the constant k > 0 is determined from this formula. This formula is from the monodromy R U(1) for the abelian gauge model. We see that the Planck's constant h comes out from this winding property of the Dirac-Wilson loop. Then since this Dirac-Wilson loop is a loop we have that it has the polarization property of light by the right hand rule along the loop and this polarization can also be regarded as the spin of photon. Now since this loop is a quantum soliton which behaves as a particle we have that this loop is a basic particle of the above abelian gauge model where the abelian gauge property is considered as the fundamental property of electromagnetic field. This shows that the Dirac-Wilson loop has properties of photon. We shall later show that from this loop model of photon we can describle the absorption and emission of photon by an electron. This property of absorption and emission is considered as a basic principle of the light-quantum hypothesis of Einstein [1] . From these properties of the Dirac-Wilson loop we may identify it with the photon.
On the other hand from Dirac's analysis of the magnetic monopole [4] we have that the property of magnetic monopole comes from a closed line integral of vector potential of the electromagnetic field which is similar to the Dirac-Wilson loop. Now from this Dirac-Wilson loop we can define the magnetic charge q and the minimal magnetic charge q min which are given by eq := enq min := n e e 0 n n m e 0 π k , n = 0, 1, 2, 3, ...
where e := n e e 0 is as the observed electric charge for some positive integer n e ; and q min := nme0π k for some positive integer n m and we write N = nn e n m , n = 0, 1, 2, 3, ... (By absorbing the constant k to e 2 0
we may let k = 1).
This shows that the Dirac-Wilson loop gives the property of magnetic monopole for some frequencies. Since this loop is a quantum soliton which behaves as a particle we have that this Dirac-Wilson loop may be identified with the magnetic monopole for some frequencies. Thus we have that photon may be identified with the magnetic monopole for some frequencies.
With this identification we have the following interesting conclusion: Both the energy quantization of electromagnetic field and the charge quantization property come from the same property of photon. Indeed we have
where ν 1 denotes a frequency. This formula shows that the energy quantization gives the charge quantization and thus these quantizations are from the same property of the photon when photon is modeled by the Dirac-Wilson loop and identified with the magnetic monopole for some frequencies.
Nonlinear Model of Electron
In this section let us also give a loop model to the electron. This loop model of electron is based on the above loop model of the photon. From the loop model of photon we also construct an observable which gives mass to the electron and is thus a mass machanism for the electron. Let W(z,z) denote a Dirac-Wilson loop which represents a photon. Let Z denotes the complex variable for electron in (3). We then consider the following observable:
Since W (z, z) is solvable we have that this observable is also solvable where in solving W (z, z) the variable Z is fixed. We let this observable be identified with the electron. Then we consider the following observable:
This observable is with a scalar factor Z * Z where Z * denotes the complex conjugate of Z and we regard it as the mass mechanism of the electron (74). For this observable we model the energy levels with specific frequencies of W (z, z) as the mass levels of electron and the mass m of electron is the lowest energy level hν 1 with specific frequency ν 1 of W (z, z) and is given by:
where c denotes the constant of the speed of light and ν 1 := nmnee 2 0 π k . From this model of the mass mechanism of electron we have that electron is with mass m while photon is with zero mass because there does not have such a mass mechanism Z * W (z, z)Z for the photon. From this definition of mass we have the following formula relating the observed electric charge e of electron, the magnetic charge q min of magnetic monopole and the mass m of electron:
By using the nonlinear model W (z, z)Z to represent an electron we can then describe the absorption and emission of a photon by an electron where photon is as a parcel of energy described by the loop W (z, z), as follows. Let W (z, z)Z represents an electron and let W 1 (z 1 , z 1 ) represents a photon. Then we have the observable (W (z, z) + W 1 (z 1 , z 1 ))Z which represents an electron having absorbed the photon W 1 (z 1 , z 1 ). This property of absorption and emission is as a basic principle of the hypothesis of lightquantum stated by Einstein [1] . Let us quote the following paragraph from [1] :
..., First, the light-quantum was conceived of as a parcel of energy as far as the properties of pure radiation (no coupling to matter) are concerned. Second, Einstein made the assumption-he call it the heuristic principle-that also in its coupling to matter (that is, in emission and absorption), light is created or annihilated in similar discrete parcels of energy. That, I believe, was Einstein's one revolutionary contribution to physics. It upset all existing ideas about the interaction between light and matter. ....
Photon with Specific Frequency Carrying the Electric and Magnetic Charges
In this loop model of photon we have that the observed electric charge e := n e e 0 and the magnetic charge q min are carried by the photon with some specific frequencies. Let us here describe the physical effects from this property of photon that photon with some specific frequency carries the electric and magnetic charge. From the nonlinear model of electron we have that an electron W (z, z)Z also carries the electric charge when a photon W (z, z) carrying the electric and magnetic charge is absorbed to form the electron W (z, z)Z. This means that the electric charge of an electron is from the electric charge carried by a photon. Then an interaction (as the electric force) is formed between two electrons (with the electric charges).
On the other hand since photon carries the constant e 2 0 of the bare electric charge e 0 we have that between two photons there is an interaction which is similar to the electric force between two electrons (with the electric charges). This intereaction however may not be of the same magnitude as the electric force with the magnitude e 2 since the photons may not carry the frequency for giving the electric and magnetic charge. Then for stability such interaction between two photons tends to give repulsive effect to give the diffusion phenomenon among photons.
Similarly an electron W (z, z)Z also carries the magnetic charge when a photon W (z, z) carrying the electric and magnetic charge is absorbed to form the electron W (z, z)Z. This means that the magnetic charge of an electron is from the magnetic charge carried by a photon. Then a closed-loop interaction (as the magnetic force) may be formed between two electrons (with the magnetic charges).
On the other hand since photon carries the constant e 2 0 of the bare electric charge e 0 we have that between two photons there is an interaction which is similar to the magnetic force between two electrons (with the magnetic charges). This intereaction however may not be of the same magnitude as the magnetic force with the magnitic charge q min since the photons may not carry the frequency for giving the electric and magnetic charge. Then for stability such interaction between two photons tends to give repulsive effect to give the diffusion phenomenon among photons.
Statistics of Photons and Electrons
Let us consider more on the nonlinear model of electron W (z, z)Z which gives a relation between photons and electrons where photons is modeled by W (z, z). We want to show that from this nonlinear model we may also derive the required statistics of photons and electrons that photons obey the Bose-Einstein statistics and electrons obey the Fermi-Dirac statistics. We have that W (z, z) is as an operator acting on Z which represents an electron while the nonlinear model of electron W (z, z)Z gives a more complete description of electron that it describes that a photon W (z, z) is absorbed by an electron and the two again form an electron. There may be many photons W n (z, z), n = 1, 2, 3, ... absorbed by an electron which gives an electron n W n (z, z)Z. This formula shows that identical (but different) photons can appear identically and it shows that photons obey the Bose-Einstein statistics. From the polarization of the Dirac-Wilson loop W (z, z) we may assign spin 1 to a photon represented by W (z, z).
Let us then consider statistics of electrons. We have that the observable Z * W (z, z)Z gives mass to the electron W (z, z)Z and thus this observable is as a scalar and thus is assigned with spin 0. As the observable W (z, z)Z is between W (z, z) and Z * W (z, z)Z which are with spin 1 and 0 respectively we thus assign spin 1 2 to the observable W (z, z)Z and thus electron represented by this observable W (z, z)Z is with spin 1 2 . Then let Z 1 and Z 2 be two independent complex variables for two electrons. Let W (z, z) represents a photon. Then the operator W (z, z)(Z 1 + Z 2 ) means that two electrons are in the same state. However this operator means that a photon W (z, z) is absorbed by two distinct electrons and this is impossible. Thus this operator W (z, z)(Z 1 + Z 2 ) cannot exist and this means that electrons obey Fermi-Dirac statistics.
Thus we have that this nonlinear loop model of photon and electron give the required statistics of photons and electrons.
Conclusion
In this paper a quantum loop model of photon is established. We show that this loop model is exactly solvable and thus may be considered as a quantum soliton. We show that this nonlinear model of photon has properties of photon and magnetic monopole and thus photon with some specific frequency may be identified with the magnetic monopole. From the discrete winding numbers of this loop model we can derive the quantization property of energy for the Planck's formula and the quantization property of electric charge. We show that the charge quantization is derived from the energy quantization. On the other hand from the nonlinear model of photon a nonlinear loop model of electron is established. This model of electron has a mass machanism which generates mass to the electron.
